Abstract. We characterize Hopf manifolds in the class of Hermitian manifolds by the spectra of the real Laplacians and the complex Laplacians.
1. Introduction. Let M be an «-dimensional compact connected Hermitian manifold. We define two differential operators on M i.e., the real Laplacian Ar acting on r-forms and the complex Laplacian D acting on forms of type (p, q) (cf. §3). We denote by Spec(Af, Ar) (resp. Spec(M, Opq)) the set of eigenvalues of Ar (resp. Op q) enumerated with multiplicity. It is an interesting problem whether the spectrum of the Laplacian determines the geometry of the manifold. In this note we study the spectral geometry of Hermitian manifolds known as the Hopf manifolds which are not Kaehler.
Definition of the Hopf manifolds Ma (cf. E. Bedford and T. Suwa [1] ). Let W be the «-dimensional complex vector space C" = {z | z = (z,,... ,z")} minus the origin; W -C" -{0}, and let a be a complex number with 0 <| a |< 1. The Hopf manifold Ma is defined as Ma -W/Ga, where Ga is the group generated by the analytic automorphism z -» az, z E W. Ma is well known as an example of a compact complex manifold which does not admit Kaehler metrics. On the manifold Ma, there is a natural Hermitian metric given by g= llzll"2 2 dZjdZj, ||z||2= 2 zkzk.
j=\ k=\
From now on we think of Ma as a Hermitian manifold with this metric. E. Bedford and T. Suwa [1] described explicitly the eigenvalues of A0 and D00 on the Hopf manifolds Ma. They also obtain some isospectral results in the class of the Hopf manifolds.
In this paper, we show Theorem. Let Ma be an n-dimensional (n s* 3) Hopf manifold with -¿ Re log a > l/2\/2n + 1 . If a compact connected Hermitian manifold M satisfies Spec(M, Ar) = Spec(Ma, Ar) and Spec(M, D,,,) = Spec(Ma, Up^)for r = 0,1 and(p, q) = (0,0), (0,1), (1, 0) , then M is biholomorphically isometric to Ma.
The author wishes to thank Professor K. Ogiue for his helpful advice.
2. Some classes of Hermitian manifolds. We define two classes of Hermitian manifolds, i.e., semi-Kaehler manifolds and l.c.K. manifolds. Let (M, g, J) be a Hermitian manifold with Hermitian metric g and complex structure J and Í2 be the 2-form defined by Sl(X, Y) = g(JX, Y), which is called the fundamental 2-form of (M, g, J). Definition 2.1. An «-dimensional Hermitian manifold (M, g, J) is called semiKaehler if it satisfies 8U = 0 or, equivalently, dQ"~x = 0, where 8 denotes the codifferential operator with respect to the metric g.
For examples of semi-Kaehler manifolds, we refer to P. Gauduchon [4] and A. Gray [7] (1) g and J are parallel, i.e., V g -0 and V J = 0.
(2) The torsion tensor S is pure in the following sense : S( JX, Y) = S(X, JY) for all vector fields X, Y on M.
The linear connection defined in Proposition 2.3 is called the Hermitian connection of the Hermitian manifold M.
Let (z,,... ,z") be a local coordinate system for M and set £«,3~=g(9/9z«>9/9¿/,).
We denote by (gßa) the inverse matrix of (gaß). Then we have the following formulas for covariant differentiation: Therefore if we set co = -6/2(n -1), 7 = 0 is equivalent to the formula (*).
Remark (i). On a 2-dimensional Hermitian manifold M, T vanishes identically. In this case, in order that a 2-dimensional Hermitian manifold be l.c.K., it is necessary and sufficient that the 1-form 6 be closed. We denote by t and f the scalar curvatures with respect to the Riemannian connection and the Hermitian connection, respectively. We set Sßy x = V \Sßy, where V is the covariant differentiation of the Hermitian connection. Then we have the following. (3) Calculating ¿So and 82Q, we have 86 = 2SlSfc -SZpj -S §ßtß and S^j -S §ß~,ß = 0.
Remark (ii
Therefore we obtain fjLsk dVg -Js:ßJdVg = I ¡86 dVg = 0.
(4) is obvious by (1) and (3). (5) follows from (4). The coefficients a%, ax, and a2 were computed by M. Berger [2] and the coefficients ax0, a\, and a\ were computed by V. K. Patodi [11] . Some of the other coefficients ark are computed by V. K. Patodi [11] and T. Sakai [12] , etc.
Let M be an «-dimensional compact Hermitian manifold. For 0 <p, q < «, let Ap-q(M) be the space of complex-valued (p + ¿¡reforms of type (p, q). We denote by 3 the differential operator 3: Ap,q(M) -» Ap-q+x(M) and by # its formal adjoint operator with respect to the Hermitian metric. With these, we define the complex Laplacian to be np<q = u + b\) (cf. Morrow and Kodaira [10] ).
Let {Af •q, \p2q,...} be the spectrum of Opq and let
be the asymptotic expansion. Then we have Theorem 3.2 (P. Gilkey [5] and H. Donnelly [3] ).
where K=jMrdVg, K=jMfdVg, Kx = jMS$ySgy-dVg, K2 = fMSlSfcdVg and t, f, S denote the scalar curvature with respect to the Riemannian connection, the scalar curvature and the torsion tensor with respect to the Hermitian connection, respectively.
P. Gilkey has computed b°x°, b\°, and b°A using the other invariants in [5] . H. Donnelly has asserted that b£'q should be described by the invariants of the Hermitian connection and has calculated the relations between Gilkey's invariants and the Hermitian invariants. 4. P0/C-manifolds. Vaisman [15] has studied the geometric structure of the particular classes of l.c.K. manifolds, i.e., PA^-manifolds and />0A'-manifolds. In this section we will study the geometric structure of P0 K-manifolds precisely. The Hopf manifolds are the typical examples of 7>0A"-manifolds. We will construct other examples of P/T-manifolds. Let S be a Sasakian manifold with the Sasakian structure (4>, £, tj, g), where <p is a tensor field of type (1,1), £ a vector field, tj a 1-form and g a Riemannian metric on S. We introduce an almost complex structure J on 5 X R in the following manner: J(X + fd/dt) = <pX + /£ -in(X) d/dt, where A' is a tangent vector field of S, t the coordinate of R and / a differentiable function on S X R. This almost complex structure is integrable, and (S X R, J, g) is a Hermitian manifold, where g is the product metric. Moreover it is l.c.K. with Lee form w = -dt. It is easily seen that the Lee form is parallel. Thus we obtain examples of 7^-manifolds.
Conversely Vaisman proved the following theorem. (ii) The universal covering space of a P0K-manifold is C" -{0} with metric g= CV 2 *kh\ 2 dzjdzj,
where c is a positive constant.
Let M be a connected complete /"/("-manifold with Lee form w and M be the universal covering space of M. We denote by tt the projection map -n: M -» M. Then M is also l.c.K. and its Lee form w is given by w = tt*u. By Theorem 4.2, we have M = S X R and w = -dt. Lemma 4.3. Let T be the deck transformation group of the covering -n: M -» M. Then any $ E t is given by <&(x, t) = (<p(x), t + b) for (x, t) E S X R, where tp is an automorphism of the Sasakian manifold S and b E R.
Proof. $ is a biholomorphic isometry on the l.c.K. manifold M and hence we have <I>*¿> = £>. Since w = -dt, we get <&*(-dt) = -dt and d(<b*t -t) = 0. Therefore we have $*/ = t + b. As 0 is a biholomorphic isometry, <5? transforms S X [t] to S X {t + b) preserving the Sasakian structure. From this we easily see that Lemma 4.3 holds.
By Lemma 4.3 we can introduce naturally a homomorphism of f to R, which we denote by a. Namely, we define a by a($) = b if <b*t = t + b. Ker a is a group acting onSXR freely and properly discontinuously. We especially regard Ker a as a group acting on S freely and properly discontinuously. Therefore S X R/Ker a = S X R, where S is a Sasakian manifold given by 5/Ker a. We set T = r/Kera.
Regarding T as the deck transformation group of the covering S X R -> M, we have M = S X R/r.
Lemma 4.4. // S is compact, then T is an infinite cyclic group generated by one generator.
Proof. T is isomorphic to the subgroup o(T) of R. We show that o(T) is a discrete subgroup of R. Unless a(T) is discrete, there exists a family of deck transformations
{$"} such that limn_^x,a(^n) = 0. By Lemma 4.3, $" is given by $n(x, /) = (<p"(x), t + o(<bn)), where % is an automorphism of the Sasakian manifold S. For each x E S, there exists a convergent subsequence <p"(x) such that limk^oc(pn (x) -y for some point y E S, because 5* is compact. Therefore we have lim^^,, t(x, 0) = limk^00((pn(x), o(<b"k)) = (y,0), which is a contradiction to the fact that T is a deck transformation group. Thus a(T) is a discrete subgroup of R and hence a(T) is an infinite cyclic group generated by one generator and so is T.
Especially by Lemma 4.4 we have Proposition 4.5. Let M be a compact connected P0K-manifold with the Lee form of the constant length 1. Then M is S X R/T, where S is a compact Sasakian manifold of constant sectional curvature 1 and T is an infinite cyclic group generated by $. Here í> is given for (x, t) E S X R by <fr(x, t) -(<p(x), t + b), where <p is an automorphism of the Sasakian manifold S and b is a nonzero real number.
We will consider the case when S is S2n~x(l). Let W be C -{0} with metric Il z II "2 2"= i dzj dzj. We denote by ga b the following biholomorphic isometry on W:
where b > 0 and a = (ax, a2,...,an), -¿«a, =Sa2 < ■ ■ ■ < a" < f We denote by G3h the infinite cyclic group generated by gah. Obviously Gah acts on W freely and properly discontinuously. Thus Mah = W/Gah is an «-dimensional Hermitian manifold and, moreover, it is a PoÄT-manifold. We note that when ax = a2 = ■ ■ ■ = a" = a, Mab is a Hopf manifold Ma with a = e-2"(*-'a).
The automorphism group preserving the Sasakian structure of S2"~i(l) coincides with the unitary transformation group U(n) of C restricted to S2n-1(l). For any unitary transformation ,4 E U(n), there exists U E U(n) such that U-]AU = Spec(Ma, ü00), then Ma,h, is bi-(or anti-) holomorphically isometric to the Hopf manifold Ma.
We will prove the above result by comparing the eigenvalues of Ma and A/a. h,. As preliminaries, we review the results obtained by Bedford and Suwa [1] . Let A be the 
(ii) The eigenvalues of A 0 on Ma are
where Z+ denotes the set of nonnegative integers and Z denotes the set of integers. By Theorem 5.3(i) and the above results, we see that Spec(AfQ, D00) and Spec(Mai, □n.o) have in common the eigenvalues k2/2b2 and 1/2 + (a + k)2/2b2 for k G Z. We remove these eigenvalues from Spec(Ma, ü00) and Spec(Mah, D00), respectively, and denote the remainders by Spec(Ma, D00) and Spec(Ma6, D00), respectively. We will show that if À G Spec(Ma, D00), then X > 2. Whenp + q > 3, (P + <7)2/2 + (a(p -q)-k)2/2b2 + 2q(n -1) > | > 2 and when q>lthe corresponding eigenvalues are greater than 2(« -1) and hence greater than 2. For p -2 and q = 0, the corresponding eigenvalues are 2 + (2a -k)2/2b2. Since a ¥= 0, -1, these eigenvalues are actually greater than 2. The eigenvalues for p = 1 and ¿¡f = 0 or p = 0 and q = 0 are already removed. Thus we have À > 2 for any X E Spec(Ma, ü00). However Spec(MaÄ, D00) contains 2. In fact when y = -2, Ilz||yztZj is an eigenfunction of D00 on MaJ) with eigenvalue 2 for 1 < i < / and / + 1 < j < n. Therefore we obtain Spec(Maft, D00) =£ Spec(A/0, ü00). Proof of Proposition 5.1. By Lemmas 5.4 and 5.5 we see that Ma,h. is biholomorphically isometric to Ma or to M-, where ä is a complex conjugate of a.
Remark. Since 6. Proof of Theorem. Using the asymptotic invariants we will prove first that M is also a P0K-manifold. Secondly, comparing the eigenvalues, we obtain the result. Proof. From Propositions 4.5 and 6.3 it follows that M is S X R/T, where S is a compact Sasakian manifold of constant sectional curvature 1 and T is an infinite cyclic group generated by $ which is given by <b(x, t) -(<p(x), t + 2trb') for (x, t)ESXR.
Let Sx be R/2-nb'Z and p' the covering p': R -» Sx. Let p" be the natural projection p": ÎXR-»R and tt = p' ° p": S XR -> Sx. Since it ° $ = tt, we can define the mapping m: M -> S1. From the constructions we see that m is a Riemannian submersion with totally geodesic fibres S. Let As be the Laplacian acting on A°(5). We naturally regard As as a differential operator acting on A°(S X R). Since 3>*AS = As, we can regard As as a differential operator acting on A°(M). From the constructions we see that A0AS = ASA0, where A0 is the real Laplacian of M acting on A°(A7). Moreover we have (As/,, f2)= (fx, As/2) for/, and f2 E A°(M), where ( , ) denotes the scalar product in A°(M). Let Vx be an eigenspace of A 0 on M corresponding to the eigenvalue X. Then Vx is decomposed as v\ = v(Pk) + ■■• +*i>o). where As/= My/ for /G V(Hj) and pk >p¿_, > • • ■ > p0 = 0. We easily see that X > p7 for y = 0,1,...,k and py is an eigenvalue of As acting on A°(S). If Vx = K(p0), for/ E Vx there exists an eigenfunction/* of -d2/dt2 on Sx such that ir*f* = f and, in particular, we have À = k2/b'2 for k EZ. Under the above preliminaries, we will show that S is isomorphic to S2n_1(l). 
